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TWISTS OF SUPERELLIPTIC CURVES WITHOUT
RATIONAL POINTS
FRANC¸OIS LEGRAND
Abstract. Let n ≥ 2 be an integer, F a number field, OF the
integral closure of Z in F and N a positive multiple of n. The
paper deals with degree N polynomials P (T ) ∈ OF [T ] such that
the superelliptic curve Y n = P (T ) has twists Y n = d·P (T ) without
F -rational points. We show that this condition holds if the Galois
group of P (T ) over F has an element which fixes no root of P (T ).
Two applications are given. Firstly, we prove that the proportion
of degree N polynomials P (T ) ∈ OF [T ] with height bounded by H
and such that the associated curve satisfies the desired condition
tends to 1 as H tends to ∞. Secondly, we connect the problem
with the recent notion of non-parametric extensions and give new
examples of such extensions with cyclic Galois groups.
1. Introduction
1.1. Topic of the paper. Let n ≥ 2 be an integer, F a number field,
OF the integral closure of Z in F and N a positive multiple of n. Let
P (T ) = a0 + a1T + · · ·+ aN−1TN−1 + aNTN
be a polynomial with degree N , coefficients in OF and whose roots all
have multiplicity at most n− 1. In the sequel, the curve
CP (T ) : Y
n = P (T, Z) = a0Z
N + a1Z
N−1T + · · ·+ aN−1ZTN−1+ aNTN
in the weighted projective space PN/n,1,1 is called the superelliptic curve
associated with P (T ). Given d ∈ OF \ {0}, the d-th twist of CP (T ) is
the superelliptic curve
Cd·P (T ) : Y
n = d · P (T, Z)
associated with the polynomial d · P (T ). We refer to §2.1 for basic
terminology.
The purpose of the present paper consists in giving sufficient condi-
tions on the polynomial P (T ) for the following condition to hold:
(∗) there exists d ∈ OF \{0}, not a n-th power in OF , such that Cd·P (T )
has no F -rational point.
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Note that a necessary condition for condition (∗) to hold is that the
polynomial P (T ) has no root in F .
1.2. State-of-the-art. To our knowledge, this problem has been es-
sentially studied in the case F = Q and n = 2 (and then the degree
N of P (T ) is even), i.e., for hyperelliptic curves over Q. Even in this
case, which seems to be the easiest one, the problem is far from being
solved. If N = 2 (i.e., if the hyperelliptic curve CP (T ) has genus g = 0),
then condition (∗) holds if and only if P (T ) has no root in Q. But the
case N ≥ 4 (i.e., g ≥ 1) remains rather mysterious. While examples of
hyperelliptic curves with genus ≥ 1 that have twists with no Q-rational
point can easily be given (take for example P (T ) = TN+1 (N ≥ 4) and
d < 0), it seems difficult to decide whether such a given hyperelliptic
curve does or not. However, the answer is positive if N ≥ 4 and P (T )
is irreducible [Sad14, Corollary 4.2]. Moreover, under some conjectures
and if N ≥ 6, the answer is positive if and only if P (T ) has no rational
root [Gra07, Corollary 1 and Conjecture 1]. See also [Gra07, §11] for
similar conjectural conclusions in the case n ≥ 3 and F = Q.
1.3. Main result. Here we prove the following general result which
seems to be unavailable in the literature1.
Theorem 1.1. Denote the roots of P (T ) by t1, . . . , tN . Condition (∗)
holds if the Galois group of P (T ) over F has an element fixing no root of
P (T ), i.e., if
⋃N
j=1Gal(F (t1, . . . , tN)/F (tj)) 6= Gal(F (t1, . . . , tN)/F ).
See Theorem 3.1 for a more precise conclusion on the set of all elements
d such that Cd·P (T ) has no F -rational point. For instance, we obtain
that there exists a positive density set S of non-zero prime ideals P
of OF such that one can take d equal to any element of OF that has
P-adic valuation 1 for some P in S. Moreover, we recast results from
[Leg15] and [Leg16] to give explicit examples of polynomials such that
the assumption of Theorem 1.1 holds (for example, it holds if P (T ) is
irreducible over F ). Propositions 3.4 and 3.5 give our precise results.
1.4. Applications. Two applications of Theorem 1.1 are given.
1.4.1. A quantitative version of Theorem 1.1. In the case where P (T )
is separable, the assumption of Theorem 1.1 holds if the Galois group
of P (T ) over F is isomorphic to the symmetric group SN (when acting
on the roots of P (T )). By the Hilbert irreducibility theorem, this hap-
pens almost always in a sense. More precisely, combining quantitative
1Although this is not explicitly stated there, Theorem 1.1 may be obtained from
[Sad14, §4] in the specific case n = 2 and F = Q.
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versions of the Hilbert irreducibility theorem [Coh81] and Theorem 1.1
provides the following result, where we take n = 2 and F = Q for
simplicity. See Corollary 4.1 for our precise result.
In Corollary 1.2 below, recall that the height of a polynomial P (T ) ∈
Z[T ] is the maximum of the absolute values of the coefficients of P (T ).
Corollary 1.2. Assume that n = 2 and let N ≥ 1 be an even integer.
Then the proportion f(H) of all degree N separable polynomials P (T ) ∈
Z[T ] with height at most H and such that the associated curve satisfies
condition (∗) tends to 1 as H tends to ∞. More precisely, one has
f(H) = 1− O
(
log(H)√
H
)
, H →∞.
Corollary 1.2 may be compared with a result of Bhargava [Bha13] as-
serting that the proportion of even degree hyperelliptic curves over Q
with bounded height, given genus and with no Q-rational point tends
to 1 as the genus tends to ∞. In our eyes, this result does not provide
Corollary 1.2 as the height of d · P (T ) tends to ∞ as |d| tends to ∞.
1.4.2. Connections with non-parametric extensions. Given an indeter-
minate T and a number field F , recall that the Regular Inverse Galois
Problem asks whether each finite group G is a regular Galois group over
F , i.e., whether G is the Galois group of a Galois extension E/F (T )
with E/F regular (i.e., E ∩ Q = F ). If there exists such an extension
E/F (T ) (say for short that E/F (T ) is a “F -regular Galois extension
with Galois group G”), then, by the Hilbert irreducibility theorem, at
least one specialization of E/F (T ) has Galois group G. In particular,
G is a Galois group over F . Many finite groups have been realized over
number fields by this method; see e.g. [MM99].
In [Leg13, §4], [Leg15] and [Leg16], we consider the following strong
variant. We say that a F -regular Galois extension E/F (T ) with Ga-
lois group G is G-parametric if every Galois extension of F with Galois
groupG is a specialization of E/F (T ). Although we may expect the an-
wser to be negative almost always, deciding whether a given F -regular
Galois extension of F (T ) with Galois group G is G-parametric is a
difficult problem in general (even with G = Z/2Z). In particular, no
finite group G such that each F -regular Galois extension of F (T ) with
Galois group G is not G-parametric is known.
In [Leg16], it is proved that there exists at least one F -regular Galois
extension of F (T ) with Galois group G which is not G-parametric as
soon as G is a non-trivial regular Galois group over F . Moreover,
explicit examples are given in [Leg13, §4] and [Leg15] for some specific
F and G. But methods developed in these papers are rather involved.
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Here we combine Theorem 1.1 and basic tools to give explicit ex-
amples of non-parametric extensions with cyclic Galois groups over
number fields containing enough roots of unity.
Let n ≥ 2 be an integer, F a number field, OF the integral closure of
Z in F and P (T ) ∈ OF [T ] a non-constant polynomial with degree N .
Denote the roots of P (T ) by t1, . . . , tN and set E = F (T )(
n
√
P (T )).
Corollary 1.3. Assume that n divides N , F contains the n-th roots
of unity,
⋃N
j=1Gal(F (t1, . . . , tN)/F (tj)) 6= Gal(F (t1, . . . , tN)/F ) and
P (T ) is separable. Then the F -regular Galois extension E/F (T ) has
Galois group Z/nZ and it is not Z/nZ-parametric.
More generally, we prove that, given a non-trivial subgroup H of Z/nZ,
there exists a Galois extension of F with Galois group H which is not
a specialization of E/F (T ). Moreover, we relax the assumption that
P (T ) is separable (at the cost of making the Galois group of E/F (T )
smaller); see Proposition 5.1. Furthermore, we give a quantitative ver-
sion of Corollary 1.3 in the specific case n = 2 and F = Q, in the spirit
of Corollary 1.2. Proposition 5.6 gives our precise result.
Acknowledgments. The author is grateful to the anonymous ref-
erees for many helpful comments. This work is partially supported by
the Israel Science Foundation (grants No. 40/14 and No. 696/13).
2. Basics
Below we survey some standard machinery that will be used in the
sequel. §2.1 is devoted to twists of superelliptic curves while §2.2 deals
with prime divisors of polynomials. In §2.3, we recall some material
on heights of polynomials, taken from [Coh81, §2]. Finally, we review
some background on function field extensions in §2.4.
Let F be a number field and OF the integral closure of Z in F .
2.1. Superelliptic curves and twists. Let n and N be two positive
integers such that n ≥ 2 and n divides N .
Consider the equivalence relation ∼ on Q3 \ {(0, 0, 0)} defined as
follows:
(y1, t1, z1) ∼ (y2, t2, z2)
if and only if there exists some λ ∈ Q \ {0} such that
(y2, t2, z2) = (λ
N/ny1, λt1, λz1).
The quotient space (Q
3 \ {(0, 0, 0)})/ ∼ is a weighted projective space
that is denoted by
PN/n,1,1(Q).
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Given (y, t, z) ∈ Q3 \ {(0, 0, 0)}, the corresponding point in PN/n,1,1(Q)
is denoted by
[y : t : z].
Let P (T ) ∈ OF [T ] be a degree N polynomial whose roots all have
multiplicity at most n− 1. Set
P (T ) = a0 + a1T + · · ·+ aN−1TN−1 + aNTN
and
P (T, Z) = a0Z
N + a1Z
N−1T + · · ·+ aN−1ZTN−1 + aNTN .
The equation
Y n = P (T, Z)
in PN/n,1,1(Q) is the superelliptic curve associated with P (T ); we denote
it by CP (T ).
Let d be in OF \ {0}. The superelliptic curve
Y n = d · P (T, Z)
associated with the polynomial d ·P (T ) is called the d-th twist of CP (T );
we denote it by Cd·P (T ). The set of all F -rational points on Cd·P (T ),
i.e., the set of all elements [y : t : z] ∈ PN/n,1,1(Q) such that (y, t, z) ∈
F 3 \ {(0, 0, 0)} and yn = d · P (t, z), is denoted by
Cd·P (T )(F ).
2.2. Prime divisors of polynomials. Given a non-zero prime ideal
P of OF , denote the associated valuation over F by vP . Let P (T ) ∈
F [T ] be a non-constant polynomial with degree N .
Definition 2.1. We say that a non-zero prime ideal P of OF is a prime
divisor of P (T ) if there exists some t0 ∈ F such that vP(P (t0)) > 0.
Assume that vP(a) ≥ 0 for each coefficient a of P (T ). If the reduction
of P (T ) modulo P has a root in the residue field OF/P, then P is a
prime divisor of P (T ). The converse holds if the leading coefficient aN
of P (T ) satisfies vP(aN) = 0 (in particular, if P (T ) is monic).
The following lemma will be used on several occasions in the sequel.
Lemma 2.2. Denote the roots of P (T ) by t1, . . . , tN and the splitting
field of P (T ) over F by L. Then the following conditions are equivalent:
(1)
⋃N
j=1Gal(L/F (tj)) 6= Gal(L/F ),
(2) there exists a set S of non-zero prime ideals of OF that has positive
density and such that no prime ideal in S is a prime divisor of P (T ),
(3) there exist infinitely many non-zero prime ideals of OF each of
which is not a prime divisor of P (T ).
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Proof. Up to replacing P (T ) by the product of its distinct irreducible
factors (over F ), we may assume that P (T ) is separable.
First, assume that (1) holds. Pick an element σ ∈ Gal(L/F ) \⋃N
j=1Gal(L/F (tj)). By the Tchebotarev density theorem, there ex-
ists a positive density set S of non-zero prime ideals P of OF such that
the Frobenius associated with P in L/F is conjugate in Gal(L/F ) to σ.
As σ fixes no root of P (T ), such a prime P (except maybe for finitely
many exceptions) is not a prime divisor of P (T ), as needed for (2).
As the implication (2) ⇒ (3) is obvious, it remains to prove the
implication (3) ⇒ (1). Assume that (1) fails. Let P be a non-zero
prime ideal of OF that does not ramify in L/F and σ the associated
Frobenius in this extension. As (1) has been assumed to fail, σ fixes a
root of P (T ). In particular, P is a prime divisor of P (T ) (except maybe
for finitely many exceptions). Hence (3) does not hold either. 
2.3. Heights of polynomials. Denote the degree of the extension
F/Q by δ. Let ω1, . . . , ωδ be a Z-basis of OF . Define
- the height of a ∈ OF as max(|a1|δ, . . . , |aδ|δ) where a is uniquely
written as
a = a1 · ω1 + · · ·+ aδ · ωδ,
- the height of P (T ) ∈ OF [T ] as the maximum of the heights of the
coefficients of P (T ).
Note that these definitions depend on the choice of a Z-basis of OF .
2.4. Function field extensions. Given an indeterminate T , let E/F (T )
be a finite Galois extension with Galois group G and such that E/F is
regular (i.e., E∩Q = F ). For short, we say that E/F (T ) is a F -regular
Galois extension with Galois group G.
Recall that a point t0 ∈ P1(Q) is a branch point of E/F (T ) if the
prime ideal (T−t0)Q[T−t0] 2 ramifies in the integral closure ofQ[T−t0]
in the compositum of E and Q(T ) (in a fixed algebraic closure of F (T )).
The extension E/F (T ) has only finitely many branch points.
Given a point t0 ∈ P1(F ), not a branch point, the residue extension
of E/F (T ) at a prime ideal P lying over (T − t0)F [T − t0] is denoted
by Et0/F and called the specialization of E/F (T ) at t0. This does not
depend on the choice of the prime P lying over (T − t0)F [T − t0] as
E/F (T ) is Galois. The extension Et0/F is Galois with Galois group a
subgroup of G, namely the decomposition group of E/F (T ) at P.
Given a subgroup H of G, the extension E/F (T ) is said to be H-
parametric if each Galois extension of F with Galois group H is a
specialization of E/F (T ).
2Replace T − t0 by 1/T if t0 =∞.
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3. Proof of Theorem 1.1
This section is organized as follows. In §3.1, we state Theorem 3.1
which is a more precise version of Theorem 1.1. Theorem 3.1 is proved
in §3.2. Next, we discuss the converse of Theorem 3.1 in §3.3. Finally,
§3.4 is devoted to Propositions 3.4 and 3.5 which give explicit examples
of polynomials satisfying the assumption of Theorem 3.1.
3.1. Statement of Theorem 3.1. Let n ≥ 2 be an integer, F a num-
ber field, OF the integral closure of Z in F and N a positive multiple
of n. Let P (T ) = a0 + a1T + · · ·+ aN−1TN−1+ aNTN be a polynomial
with degree N , coefficients in OF and whose roots all have multiplicity
at most n−1. Denote the roots of P (T ) by t1, . . . , tN and the splitting
field of P (T ) over F by L. Given a non-zero prime ideal P of OF ,
denote the associated valuation over F by vP .
Theorem 3.1. Assume that the following condition holds:
(H)
⋃N
j=1Gal(L/F (tj)) 6= Gal(L/F ).
Then there exists a set S of non-zero prime ideals of OF that has pos-
itive density and that satisfies the following property.
(∗∗) One has Cd·P (T )(F ) = ∅ for each element d ∈ OF \ {0} for which
there exists a prime P in S such that vP(d) > 0 and n6 |vP(d).
3.2. Proof of Theorem 3.1. By condition (H) and the implication
(1) ⇒ (2) of Lemma 2.2, there exists a positive density set S of non-
zero prime ideals of OF each of which is not a prime divisor of P (T ).
Moreover, the polynomial P (T ) has no root in F . In particular, one
has a0 6= 0. Up to dropping finitely many primes, we may assume that
each prime P in S satisfies vP(a0) = 0 and vP(aN) = 0.
Let d be in OF \ {0}. Assume that there exists a prime ideal P ∈ S
such that vP(d) > 0 and n6 |vP(d). Fix such a prime ideal P.
Suppose Cd·P (T ) has a F -rational point [y : t : z]. If z = 0, one has
(3.1) yn = d · aN tN .
In particular, one has y 6= 0 and t 6= 0. By the definition of S and
(3.1), one has n · vP(y) = vP(d) + N · vP(t). As n divides N , we get
that n divides vP(d), which cannot happen. Hence z 6= 0. As already
said, P (T ) has no root in F . Hence y 6= 0. Set
y′ = y/zN/n and t′ = t/z.
Note that y′ and t′ are uniquely determined, y′ 6= 0 and t′ is not a root
of P (T ). Moreover, one has
(3.2) y′n = d · P (t′).
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If vP(P (t′)) = 0, (3.2) provides n ·vP(y′) = vP(d). Then n|vP(d), which
cannot happen. Hence
(3.3) vP(P (t
′)) 6= 0.
If t′ = 0, (3.2) gives y′n = d ·a0. By the definition of S, we get n|vP(d),
which cannot happen. Hence t′ 6= 0. If vP(t′) ≥ 0, we get vP(P (t′)) ≥ 0.
By (3.3), one then has vP(P (t′)) > 0. Hence P is a prime divisor of
P (T ), which contradicts the definition of S. Then vP(t′) < 0. By the
definition of S, we get
(3.4) vP(P (t
′)) = vP(t
′N) = N · vP(t′).
Combining (3.2) and (3.4) then provides n · vP(y′) = vP(d)+N · vP(t′).
As n divides N , we get that n divides vP(d), which cannot happen.
Hence Cd·P (T )(F ) = ∅, thus ending the proof of Theorem 3.1.
3.3. On the converse of Theorem 3.1. Let S∗ be the subset of the
set of all non-zero prime ideals of OF that is maximal with respect to
condition (∗∗) of Theorem 3.1. The argument given in §3.2 shows that
S∗ contains all but finitely many non-zero prime ideals of OF that are
not prime divisors of P (T ) (either under condition (H) or not).
Below we provide some converse to this last conclusion.
Proposition 3.2. Assume that P (T ) is separable. Then S∗ and the
set of all non-zero prime ideals of OF that are not prime divisors of
P (T ) differ only in finitely many prime ideals.
Proof. Let P be a prime divisor of P (T ). Assume that vP(aN ) = 0 and
P does not contain the discriminant ∆ 6= 0 of P (T ). Then there exists
t ∈ OF such that P (t) 6= 0 and vP(P (t)) is a positive integer. We claim
that we may assume vP(P (t)) = 1. Indeed, assume that
(3.5) vP(P (t)) ≥ 2.
Let xP ∈ OF be a generator of the maximal ideal P(OF )P of the
localization (OF )P of OF at P. By the Taylor formula, one has
(3.6) P (t+ xP) = P (t) + xPP
′(t) + x2PRP
for some RP ∈ (OF )P . As P does not contain ∆, one has
(3.7) vP(P
′(t)) = 0.
Combining (3.5), (3.6) and (3.7) then provides vP(P (t+xP)) = 1, thus
proving our claim (up to replacing t by t + xP). From now on, we
assume that vP(P (t)) = 1. Now, set d = P (t)n−1 ∈ OF \ {0}. Then
vP(d) > 0, n6 |vP(d) and the F -rational point [P (t) : t : 1] lies on the
d-th twist Cd·P (T ) of CP (T ). Hence P is not in S∗, as needed. 
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We then get the following further conclusions.
(1) Assume that condition (H) holds. Then, by the Tchebotarev den-
sity theorem and §3.2, the set S∗ contains a set of non-zero prime ideals
of OF that has positive density δ equal to
1− |
⋃N
j=1Gal(L/F (tj))|
|Gal(L/F )| .
Moreover, if P (T ) is separable, then S∗ has density δ (Proposition 3.2).
(2) Assume that P (T ) is separable and condition (H) fails. Then, by
Proposition 3.2 and the implication (3) ⇒ (1) of Lemma 2.2, the set
S∗ is finite. We then get the following converse to Theorem 3.1.
Corollary 3.3. Assume that there exists an infinite set S of non-zero
prime ideals of OF that satisfies condition (∗∗) of Theorem 3.1. Then
either condition (H) holds or the polynomial P (T ) is not separable.
3.4. Explicit examples. In Propositions 3.4 and 3.5 below, we pro-
vide explicit examples of polynomials P (T ) such that condition (H)
holds. For simplicity, we only give examples of such polynomials that
are separable.
Let F be a number field, OF the integral closure of Z in F and
P (T ) ∈ OF [T ] a separable polynomial with degree N .
3.4.1. Statement of Proposition 3.4. Set
P (T ) = P1(T ) · · ·Pr(T ) · Pr+1(T ) · · ·Ps(T )
where P1(T ), . . . , Ps(T ) are distinct polynomials that are irreducible
over F . For each j ∈ {1, . . . , s}, let Fj be the field generated over F
by one root of Pj(T ) and Lj the splitting field of Pj(T ) over F .
Proposition 3.4. Assume that the following three conditions hold:
(1) P (T ) has no root in F ,
(2) given j ∈ {r+1, . . . , s}, one has Fj = Fij for some ij ∈ {1, . . . , r},
(3) the fields L1, . . . , Lr are linearly disjoint over F .
Then condition (H) holds.
For example, conditions (1), (2) and (3) hold if
- P (T ) is irreducible over F and N ≥ 2 (with r = s = 1) or if
- P (T ) has no root in F and N = 4. Indeed, by the previous case,
we may assume s ≥ 2. As P (T ) has no root in F and N = 4, one
has s = 2 and P1(T ), P2(T ) both have degree 2. Hence F1 = L1 and
F2 = L2. If F1 = F2, conditions (2) and (3) hold with r = 1. If
F1 6= F2, condition (2) is empty with r = 2 and condition (3) holds as
the distinct quadratic fields L1 and L2 are linearly disjoint over F .
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Proof. The proof below is similar to part of the proof of [Leg15, Corol-
lary 6.1] which corresponds to the case r = s. We reproduce it below
with the necessary adjustments for the higher generality.
Given j ∈ {1, . . . , r}, let Gj be the Galois group of Pj(T ) over F , Nj
the degree of Pj(T ) and νj : Gj → SNj the action of Gj on the roots of
Pj(T ). By condition (3), the Galois group of P1(T ) . . . Pr(T ) over F is
isomorphic to G1×· · ·×Gr and ν1×· · ·×νr : G1×· · ·×Gr → SN1+···+Nr
corresponds to its action on the roots of P1(T ) . . . Pr(T ). Given j ∈
{1, . . . , r}, the irreducible polynomial Pj(T ) has degree Nj ≥ 2 (condi-
tion (1)). Then there exists some element gj ∈ Gj such that νj(gj) has
no fixed point. Hence (g1, . . . , gr) is an element of the Galois group of
P1(T ) . . . Pr(T ) over F which fixes no root of P1(T ) . . . Pr(T ). We may
then use the implication (1) ⇒ (3) of Lemma 2.2 to obtain that there
exist infinitely many non-zero prime ideals of OF each of which is not a
prime divisor of P1(T ) . . . Pr(T ). By condition (2), P1(T ) . . . Pr(T ) and
P (T ) have the same prime divisors (up to finitely many). Hence the
polynomial P (T ) also satisfies condition (3) of Lemma 2.2. It then re-
mains to apply the implication (3)⇒ (1) of Lemma 2.2 to conclude. 
3.4.2. Statement of Proposition 3.5. The following result rests on Lemma
2.2 and [Leg16, Proposition 3.5].
Proposition 3.5. Assume that P (T ) is monic and neither 0 nor 1 is a
root of P (T ). Then there exist infinitely many positive integers k such
that the Galois group of P (T k) over F satisfies condition (H).
Note that both assumptions P (0) 6= 0 and P (1) 6= 0 are necessary for
the conclusion to hold. Moreover, explicit sufficient conditions on a
given positive integer k for the polynomial P (T k) to satisfy condition
(H) can be given; see [Leg16, Propositions 4.1, 4.2 and 4.3].
4. Proof of Corollary 1.2
The aim of this section is to prove Corollary 4.1 below which is a
more general version of Corollary 1.2. Let F be a number field, OF the
integral closure of Z in F , n ≥ 2 an integer and N ≥ 1 a multiple of n.
4.1. Statement of Corollary 4.1. Given a real number H ≥ 1, let
S(N,H)
be the set of all degree N polynomials P (T ) with coefficients in OF ,
height3 at most H and whose roots all have multiplicity ≤ n− 1. Let
S ′(N,H)
3We fix beforehand a Z-basis of OF .
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be the subset of all elements P (T ) in S(N,H) such that there exists a
set of non-zero prime ideals of OF that has positive density and that
satisfies condition (∗∗) of Theorem 3.1.
Corollary 4.1. One has
|S ′(N,H)|
|S(N,H)| = 1− O
(
log(H)√
H
)
, H →∞.
4.2. Proof of Corollary 4.1. Given a positive real number H , an
element P (T ) of S(N,H) is in S ′(N,H) if it is separable and its Galois
group over F , viewed as a permutation group of the roots, contains a
N -cycle (Theorem 3.1). In particular, one has
(4.1) |S(N,H)| − |S ′(N,H)| ≤ Er(N,H)
where
Er(N,H)
denotes the number of degree N polynomials with coefficients in OF ,
height at most H , whose roots all have multiplicity at most n− 1 and
that are either non-separable or that are separable and have Galois
group isomorphic to a proper subgroup of SN . Given algebraically
independent indeterminates T0, . . . , TN and Y , the Galois group of
T0 + T1Y + · · ·+ TN−1Y N−1 + TNY N
over F (T0, . . . , TN ) is isomorphic to SN . [Coh81, Theorem 2.1] then
provides
(4.2) Er(N,H) = O(HN+(1/2) · log(H)), H →∞.
Next, combine (4.1) and (4.2) to get
1− |S
′(N,H)|
|S(N,H)| =
O(HN+(1/2) · log(H))
|S(N,H)| .
It then remains to use that
|S(N,H)| ∼ 2[F :Q]·(N+1) ·HN+1
as H tends to ∞ to complete the proof of Corollary 4.1.
5. Proof of Corollary 1.3
This section is organized as follows. In §5.1, we state Proposition
5.1 which is a more general version of Corollary 1.3. Proposition 5.1 is
then proved in §5.2. Finally, §5.3 is devoted to Proposition 5.6 which is
a quantitative version of Proposition 5.1 in the case n = 2 and F = Q.
Let n ≥ 2 be an integer, F a number field, OF the integral closure of
Z in F , T an indeterminate and P (T ) ∈ OF [T ] a non-constant degree
12 FRANC¸OIS LEGRAND
N polynomial. Denote the roots of P (T ) by t1, . . . , tN , the leading
coefficient by aN and the splitting field of P (T ) over F by L. Set
P (T ) = P1(T )
e1 · · ·Ps(T )es
where e1, . . . , es are positive integers and P1(T ), . . . , Ps(T ) are distinct
polynomials that are irreducible over F . Set
e = gcd(n, e1, . . . , es),
n′ =
n
e
, e′1 =
e1
e
, . . . , e′s =
es
e
.
Finally, fix a n-th root n
√
P (T ) of P (T ) and set E = F (T )( n
√
P (T )).
5.1. Statement of Proposition 5.1. Given a non-zero prime ideal
P of OF , denote the associated valuation over F by vP .
Proposition 5.1. Assume that the following conditions hold:
(hyp-1) n divides N ,
(hyp-2) ej ≤ n− 1 for each j ∈ {1, . . . , s},
(hyp-3) F contains the n′-th roots of unity,
(hyp-4)
⋃N
j=1Gal(L/F (tj)) 6= Gal(L/F ).
Then the following two conclusions hold.
(1) The extension E/F (T ) is F -regular, Galois and its Galois group is
isomorphic to Z/n′Z.
(2) There exists a set S of non-zero prime ideals of OF that has positive
density and that satisfies the following property.
(∗ ∗ ∗) Let d be in OF \ {0}. Assume that there exists a prime ideal
P ∈ S such that vP(d) > 0 and n′ does not divide vP(d). Then the
extension F ( n
′
√
d)/F does not occur as a specialization of E/F (T ).
In particular, the extension E/F (T ) is not H-parametric for each non-
trivial subgroup H of Z/n′Z.
5.2. Proof of Proposition 5.1. We break the proof into two parts.
5.2.1. Proof of Proposition 5.1 under an extra assumption. First, we
prove the following version of Proposition 5.1.
Proposition 5.2. The two conclusions of Proposition 5.1 hold under
conditions (hyp-1), (hyp-2), (hyp-3), (hyp-4) and (hyp-5) with
(hyp-5) e = 1 (i.e., n′ = n).
We break the proof into three parts.
5.2.1.1. Proof of conclusion (1). Assume that the polynomial Y n−P (T )
is reducible over Q(T ). If 4 does not divide n, then, by the Capelli
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lemma [Lan02, Chapter VI, §9, Theorem 9.1], there exists a prime
number p dividing n and a polynomial R(T ) in Q[T ] such that
P (T ) = R(T )p.
This implies that e1, . . . , es all are multiples of p, which cannot happen
by condition (hyp-5). Now, if 4 divides n, then, by the Capelli lemma
and the previous case, there exists R(T ) in Q[T ] such that
P (T ) = −4R(T )4.
Then e1, . . . , es all are even, which contradicts condition (hyp-5). Hence
Y n−P (T ) is irreducible over Q(T ), i.e., E/F (T ) has degree n and E/F
is regular. As F contains the n-th roots of unity (conditions (hyp-3)
and (hyp-5)) and E/F (T ) has degree n, the extension E/F (T ) is Galois
and has Galois group isomorphic to Z/nZ.
5.2.1.2. From specializations of E/F (T ) to rational points on twists of
the superelliptic curve CP (T ) and vice-versa. First, we determine the
set of branch points of the extension E/F (T ).
Lemma 5.3. The set of branch points of E/F (T ) is {t1, . . . , tN}.
Proof. Let t ∈ Q be a branch point of E/F (T ). As F contains the n-th
roots of unity, E is the splitting field over F (T ) of Y n − P (T ). Then
Y n − P (t) has a multiple root, i.e., t is a root of P (T ).
Conversely, let t ∈ Q be a root of the polynomial P (T ), say of the
polynomial P1(T ). Then t is a branch point of E/F (T ) if and only if
n
√
P1(T )e1 · P2(T )e2 · · ·Ps(T )es
is not in Q((T − t)). As t is not a root of P2(T )e2 · · ·Ps(T )es, t is not
a branch point of the extension
F (T )( n
√
P2(T )e2 · · ·Ps(T )es)/F (T ),
i.e.,
n
√
P2(T )e2 · · ·Ps(T )es
is in Q((T − t)). Hence t is a branch point of E/F (T ) if and only if
n
√
P1(T )e1 is not in Q((T − t)).
Assume by contradiction that n
√
P1(T )e1 is in Q((T−t)). Then there
exists A(T − t) ∈ Q[[T − t]] such that
P1(T )
e1 = A(T − t)n.
We then get that the multiplicity of t as a root of the polynomial
P1(T )
e1, which is equal to e1, is a multiple of n. This cannot happen
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as 1 ≤ e1 ≤ n − 1 (condition (hyp-2)). Hence n
√
P1(T )e1 is not in
Q((T − t)), i.e., t is a branch point of E/F (T ).
It remains to show that ∞ is not a branch point of E/F (T ). Set
P (T ) = a0 + a1T + · · ·+ aN−1TN−1 + aNTN .
One has
P (T ) = (TN/n)n
( a0
TN
+
a1
TN−1
+ · · ·+ aN−1
T
+ aN
)
.
Set U = 1/T and Q(U) = aN +aN−1U + · · ·+a1UN−1+a0UN . As N/n
is an integer (condition (hyp-1)), one has E = F (U)( n
√
Q(U)). Since 0
is not a root of Q(U), we get from the first part of the proof that ∞ is
not a branch point of E/F (T ), thus ending the proof. 
Now, we make the specializations of the extension E/F (T ) explicit.
Lemma 5.4. (1) One has Et0 = F (
n
√
P (t0)) for each t0 ∈ F\{t1, . . . , tN}.
(2) One has E∞ = F ( n
√
aN ).
Proof. Given t0 ∈ F \ {t1, . . . , tN}, the polynomial Y n − P (t0) is sep-
arable. As E is the splitting field of Y n − P (T ) over F (T ), the field
Et0 is the splitting field of Y
n − P (t0) over F . Then, by condition
(hyp-3), one has Et0 = F (
n
√
P (t0)), as needed for part (1). The proof
of part (2) is similar. Consider the polynomial Q(U) from the last part
of the proof of Lemma 5.3. As 0 is not a root of Q(U), the polynomial
Y n−Q(0) is separable. Hence the field E∞ is equal to its splitting field
over F , i.e., one has E∞ = F ( n
√
aN), thus ending the proof. 
Finally, we connect specializations of the extension E/F (T ) and F -
rational points on twists of CP (T ).
Lemma 5.5. Let d be in OF \ {0}. The following two conditions are
equivalent:
(1) the extension F ( n
√
d)/F occurs as a specialization of E/F (T ),
(2) there exists a positive integer m such that m < n, (m,n) = 1 and
Cdm·P (T ) has a F -rational point [y : t : z] with y 6= 0.
Proof. First, assume that F ( n
√
d)/F occurs as the specialization of
E/F (T ) at t0 for some t0 ∈ F \ {t1, . . . , tN}. We may apply part
(1) of Lemma 5.4 to get F (
n
√
d) = F ( n
√
P (t0)). The Kummer theory
then gives
yn = dm · P (t0)
for some y ∈ F \ {0} and some integer m such that 1 ≤ m < n
and (m,n) = 1 (see e.g. [Ade01, page 18]). Hence the F -rational
point [y : t0 : 1] lies on Cdm·P (T ). In the case F (
n
√
d)/F occurs as the
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specialization of E/F (T ) at ∞, a similar argument, combined with
part (2) of Lemma 5.4, shows that there exists some y ∈ F \ {0} and
some integer m such that 1 ≤ m < n, (m,n) = 1 and the F -rational
point [y : 1 : 0] lies on Cdm·P (T ).
Conversely, assume that there exists an integer m such that 1 ≤
m < n, (m,n) = 1 and Cdm·P (T ) has a F -rational point [y : t : z] with
y 6= 0. First, assume that z = 0. Then yn = dm · aN tN . This provides
F (
n
√
dn−m) = F ( n
√
aN ). As n−m is coprime to n, one has F ( n
√
dn−m) =
F ( n
√
d) and, by part (2) of Lemma 5.4, one has F ( n
√
aN) = E∞. Then
F ( n
√
d) = E∞, as needed. Now, assume that z 6= 0. We then get
(5.1) yn = dm · zN · P (t/z).
As y 6= 0, t/z is not a branch point (Lemma 5.3). By (5.1), one has
F ( n
√
dn−m) = F ( n
√
P (t/z)). But F ( n
√
dn−m) = F ( n
√
d) and F ( n
√
P (t/z))
= Et/z (part (1) of Lemma 5.4). Hence F (
n
√
d) = Et/z , as needed. 
5.2.1.3. Proof of conclusion (2). As conditions (hyp-1), (hyp-2) and
(hyp-4) hold, we may apply Theorem 3.1. Then there exists a set
S of non-zero prime ideals of OF that has positive density and that
satisfies condition (∗∗), i.e., one has Cd·P (T )(F ) = ∅ for each element
d ∈ OF \{0} for which there exists a prime P in S such that vP(d) > 0
and n6 |vP(d). Fix such a d ∈ OF \ {0} and a prime P ∈ S such that
vP(d) > 0 and n6 |vP(d). Let m be a positive integer such that m < n
and (m,n) = 1. Then one has vP(dm) > 0 and n6 |vP(dm). Hence
Cdm·P (T )(F ) = ∅. By the implication (1) ⇒ (2) of Lemma 5.5, the
extension F ( n
√
d)/F does not occur as a specialization of E/F (T ).
Let H be a non-trivial subgroup of Z/nZ, i.e., H = Z/n′′Z for some
integer n′′ ≥ 2 dividing n. It remains to show that one may require
a Galois extension F ( n
√
d)/F as above to have Galois group H . Let d
be in OF \ {0} such that vP(d) = 1 for some prime ideal P ∈ S. Set
m = n/n′′. Then
F (
n
√
dm) = F (
n′′
√
d).
Since vP(d) = 1, one may apply the Eisenstein criterion to get that the
polynomial Y n
′′ − d is irreducible over F , i.e., F ( n′′√d)/F has degree
n′′. Hence F ( n
√
dm)/F has Galois groupH . By the previous paragraph,
the extension F ( n
√
dm)/F does not occur as a specialization of E/F (T )
(as n′′ ≥ 2). Hence E/F (T ) is not H-parametric, as needed.
5.2.2. Proof of Proposition 5.1. Set
P0(T ) = P1(T )
e′
1 · · ·Ps(T )e′s.
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Then n
√
P (T ) is a n′-th root n
′
√
P0(T ) of P0(T ) and one has E =
F (T )( n
′
√
P0(T )). By condition (hyp-1), n
′ divides deg(P0(T )) and, by
condition (hyp-2), one has e′j ≤ n′−1 for each j ∈ {1, . . . , s}. Moreover,
one has gcd(n′, e′1, . . . , e
′
s) = 1. As the remaining conditions (hyp-3)
and (hyp-4) also hold, we may apply Proposition 5.2 to the extension
F (T )( n
′
√
P0(T ))/F (T ), thus ending the proof of Proposition 5.1.
5.3. A quantitative version in the case n = 2 and F = Q.
5.3.1. Statement of Proposition 5.6. Let T be an indeterminate. Given
a Q-regular quadratic extension E/Q(T ), there exists a unique sepa-
rable polynomial PE(T ) ∈ Z[T ] with squarefree content and such that
E = Q(T )(
√
PE(T )). Define the height of E/Q(T ) as the height of the
polynomial PE(T ).
Given an even positive integer N and a real number H ≥ 1, let
T (N,H)
be the set of all Q-regular quadratic extensions of Q(T ) with N branch
points and height at most H 4. Let
T ′(N,H)
be the subset of all elements in T (N,H) such that there exists a set
of prime numbers that has positive density and that satisfies condition
(∗ ∗ ∗) of Proposition 5.1.
Proposition 5.6. One has
|T ′(N,H)|
|T (N,H)| = 1−O
(
log(H)√
H
)
, H →∞.
5.3.2. Proof of Proposition 5.6. First, we need the following two num-
ber theoretic lemmas. In the statements below, we denote the Riemann
ζ-function by ζ and fix an integer n ≥ 2. Given a positive real number
H , we set J−H,HK = Z ∩ [−H,H ].
Lemma 5.7. One has
|{(a0, . . . , an) ∈ J−H,HKn+1 : an 6= 0, gcd(a0, . . . , an) = 1}|
=
2n+1
ζ(n+ 1)
Hn+1 +O(Hn), H →∞.
Proof. The proof is almost identical to the proof of the lemma of
[Nym72, §1] and is then left to the reader. 
4By the Riemann-Hurwitz formula, the number of branch points of a Q-regular
quadratic extension of Q(T ) is necessarily even.
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Lemma 5.8. There exists a positive constant Cn such that
|{(a0, . . . , an) ∈ J−H,HKn+1 : an 6= 0, gcd(a0, . . . , an) is squarefree}|
is asymptotic to
Cn ·Hn+1
as H tends to ∞.
Proof. Given a positive real number H , set
Z(n,H) = |{(a0, . . . , an) ∈ J−H,HKn+1 : an 6= 0, gcd(a0, . . . , an) = 1}|
and, for short, denote
|{(a0, . . . , an) ∈ J−H,HKn+1 : an 6= 0, gcd(a0, . . . , an) is squarefree}|
by f(n,H). One then has
(5.2) f(n,H) =
H∑
k=1
k squarefree
Z
(
n,
H
k
)
= A(n,H) +B(n,H)
with
(5.3) A(n,H) =
∑
1≤k≤
√
H
k squarefree
Z
(
n,
H
k
)
and
(5.4) B(n,H) =
∑
√
H<k≤H
k squarefree
Z
(
n,
H
k
)
.
First, we estimate the number A(n,H). By (5.3) and Lemma 5.7,
one has
A(n,H) =
∑
1≤k≤
√
H
k squarefree
(
2n+1
ζ(n+ 1)
Hn+1
kn+1
+O
(
Hn
kn
))
=
(
2n+1
ζ(n+ 1)
∑
1≤k≤
√
H
k squarefree
1
kn+1
)
·Hn+1 +O(Hn+(1/2)).
We then get
(5.5) A(n,H) ∼ Cn ·Hn+1, H →∞.
with
Cn =
2n+1
ζ(n+ 1)
∑
1≤k<∞
k squarefree
1
kn+1
> 0.
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Now, we estimate the quantity B(n,H). By (5.4), one has
B(n,H) ≤
∑
√
H<k≤H
k squarefree
(
2 · H
k
+ 1
)n
· 2 · H
k
≤ H · (2
√
H + 1)n · (2
√
H).
Hence
(5.6) B(n,H) = O(H(n/2)+(3/2)), H →∞.
As n ≥ 2, one has (n/2)+(3/2) < n+1. Combining (5.2), (5.5) and
(5.6) then provides
f(n,H) ∼ Cn ·Hn+1, H →∞,
as needed for the lemma. 
Now, we estimate |T (N,H)| as H tends to ∞. Given a positive real
number H , the cardinality |T (N,H)| is equal to the number of separa-
ble polynomials P (T ) ∈ Z[T ] that have height at most H , squarefree
content and such that the extension Q(T )(
√
P (T ))/Q(T ) hasN branch
points. By (the proof of) Lemma 5.3, the fact that P (T ) is separable
and as the number of branch points of a Q-regular quadratic extension
of Q(T ) is even, Q(T )(
√
P (T ))/Q(T ) has N branch points if and only
if P (T ) has degree N or N − 1 (as N is even). Then
(5.7) |T (N,H)| = C(N,H) +D(N,H)
where
- C(N,H) is the number of polynomials P (T ) ∈ Z[T ] that are separa-
ble, that have degree N , squarefree content and height at most H ,
- D(N,H) is the number of separable polynomials P (T ) ∈ Z[T ] that
have degree N − 1, squarefree content and height at most H .
By Lemma 5.8, one has
(5.8) C(N,H) ∼ CN ·HN+1, H →∞,
for some positive constant CN and, clearly, one has
(5.9) D(N,H) = O(HN), H →∞.
It then remains to combine (5.7), (5.8) and (5.9) to get
(5.10) |T (N,H)| ∼ CN ·HN+1, H →∞.
Next, we estimate |T ′(N,H)| as H tends to ∞. Let P (T ) ∈ Z[T ] be
a separable polynomial. By Proposition 5.1, there exists a set of prime
numbers that has positive density and that satisfies condition (∗ ∗ ∗)
(with respect to the quadratic extension Q(T )(
√
P (T ))/Q(T )) if the
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degree of the polynomial P (T ) is equal to N and the Galois group of
P (T ) over Q is isomorphic to SN (when acting on the roots of P (T )).
Then, given a real number H ≥ 1, one has
(5.11) |T ′(N,H)| ≥ C(N,H)− E(N,H)
where C(N,H) is defined after (5.7) and E(N,H) is the number of
separable polynomials P (T ) ∈ Z[T ] with degree N , height at most H ,
squarefree content and whose Galois group is isomorphic to a proper
subgroup of SN . By [Coh81, Theorem 2.1], one has
(5.12) E(N,H) = O(HN+(1/2) · log(H)), H →∞.
Finally, by (5.11), one has
(5.13) 1− |T
′(N,H)|
|T (N,H)| ≤ 1−
C(N,H)
|T (N,H)| +
E(N,H)
|T (N,H)| .
for each real number H ≥ 1. Combining (5.7), (5.9) and (5.10) provides
(5.14) 1− C(N,H)|T (N,H)| = O
(
1
H
)
, H →∞,
and, by (5.10) and (5.12), one has
(5.15)
E(N,H)
|T (N,H)| = O
(
log(H)√
H
)
, H →∞.
It then remains to combine (5.13), (5.14) and (5.15) to get
1− |T (N,H)||T ′(N,H)| = O
(
log(H)√
H
)
as H tends to ∞, thus ending the proof of Proposition 5.6.
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